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A population balance model is used to model simultaneous coagulation and frag-
mentation in turbulent shear. The fractal-like aggregate structure is quantified using a
mass fractal dimension, D s 2.05, deri®ed from light-scattering measurements and isf
incorporated into the model using appropriate kinetic expressions. In addition, fluid
®iscous effects on aggregate collisions are taken into account using existing theories on

( )®iscous retardation. Flocculation experiments of a polystyrene particlerAl OH rwater3
system in a stirred tank are compared to the model results. Good agreement is found for
both a®erage-size e®olution and steady-state size distribution using only one fitting para-

( )meter and assuming binary breakage. The a®erage polystyrene-Al OH aggregate size3
initially increases before reaching a constant steady-state ®alue during coagulation]
fragmentation in a stirred tank. Increasing the applied shear rate increases the coagula-
tion and fragmentation rates, decreasing the steady-state a®erage aggregate size, and the
time lag before steady state. The model de®eloped in this work is applied to laminar
shear data from the literature, showing excellent agreement.

Introduction
Particle removal from suspension in a liquid is relevant to

numerous areas of research and industry. The efficient recov-
ery of commodity particulate products requires the efficient
sedimentation andror filtration of particles from a suspend-
ing liquid. Flocculation is often facilitated in a stirred tank
where the distribution of velocity gradients brings the parti-
cles close enough to collide. If added flocculants suppress
repulsive interactions between particles and the inertia of ap-
proaching particles overcomes fluid viscous resistance, a col-
lision results in the formation of an aggregate.

Irregular, fractal aggregates form during shear-induced
collisions when particles adhere to one another in their in-
stantaneous random orientations, increasing the average

Žparticle size Mandelbrot, 1983; Klimpel and Hogg, 1986;
.Meakin, 1988 . These aggregates have a much larger collision

profile than their volume equivalent spherical counterparts,
Žwhich enhances collision rates Tambo and Watanabe, 1979a;

.Jiang and Logan, 1991; Wiesner, 1992 and reduces the fluid
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Ž .viscous resistance to collisions Kusters et al., 1997 . Hierar-
chical simulations of aggregate]aggregate collisions predict a
fractal dimension, D s1.8, while particle]cluster collisionsf

Ž .produce a more compact D ;3 Torres et al., 1991 , al-f
though particle]cluster collisions will only alter realistic ag-

Ž . Žgregate structures to a small extent D s2 Kusters et al.,f
.1997 . Porous aggregates are fragmented by fluid shear

stresses more rapidly than compact mass equivalent particles
Ž .Adler and Mills, 1979 at a rate dependent on the applied
shear rate, the aggregate structure, and the bonds between

Žprimary particles Sonntag and Russel, 1986, 1987; Potanin,
.1991; Horwatt et al., 1992 . Aggregate restructuring to a more

compact form may also occur by reaggregation of fragments
Ž .Clark and Flora, 1991; Spicer et al., 1998 , or by shear inter-

Ž .actions that rearrange the structure Oles, 1992 .
After a characteristic time, a steady state is reached be-

tween coagulation and fragmentation, characterized by an
aggregate size distribution that does not change with time

Ž .and is unique for a given system Spicer and Pratsinis, 1996a .
Accurate particle flocculation models must incorporate the
dependency of flocculation kinetics on aggregate structure,
the fluid shear field, and their mutual interactions. Previous
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studies of fractal aggregate dynamics in stirred tanks mod-
eled only short residence times and ignored fragmentation
and viscous effects.

The objective of this work is to study the effect of aggre-
gate structure on simultaneous shear-induced coagulation and
fragmentation using appropriate kinetic expressions. Existing
work on aggregate collision and fragmentation rates is used
to accurately model flocculation behavior. Comparisons are
made with experimental data for the evolution of aggregate
size and structure in a stirred tank, and conclusions are drawn
as to the accuracy of assuming a constant fractal dimension
for a flocculating particle suspension.

Theory
Population balance model

Simultaneous coagulation and fragmentation can be mod-
eled by population balance techniques. The rate of change of
the particle number concentration by coagulation and frag-

Žmentation is given by Hounslow et al., 1988; Spicer and
.Pratsinis, 1996a :

iy2dNi jy iq1s N 2 a b NÝiy1 iy1, j iy1, j jdt js1

iy11
2 jyiq a b N y N 2 a b NÝiy1, iy1 iy1, iy1 iy1 i i , j i , j j2 js1

max max1 2

y N a b N yS N q G S N , 1Ž .Ý Ýi i , j i , j j i i i , j j j
js i js i

where N represents the number concentration of aggregatesi
containing 2 iy1 primary particles; the factor a represents the
collision efficiency accounting for hydrodynamic interactions
between colliding particles; b denotes the collision fre-i, j
quency for particles of volume i and j; S is the fragmenta-i
tion rate of aggregates of size i; and G represents thei, j
breakage distribution function defining the volume fraction
of the fragments of size i coming from j-sized particles.

Ž .In Eq. 1, the first two terms on the righthand side RHS
represent the formation of particles by size i by the collision
of particles from sections smaller than section i. The third
and fourth RHS term denote the loss of particles of size i by
coagulation with those of another size. The fifth term de-
scribes the loss of particles of size i by fragmentation, and
the sixth RHS term describes the formation of particles of
size i by fragmentation of larger particles. For each section,
one equation has to be solved. The use of max s30 sections1
was sufficient to cover the size range used in this research
Ž .Spicer and Pratsinis, 1996a .

Aggregate structure
Aggregates formed by flocculation usually do not have a

spherical shape, but rather a more irregular structure. The
expression of fractal dimension was proposed by Mandelbrot
Ž .1987 and is useful to describe the irregularity of self-similar
aggregates, even though in reality aggregates lack an exact
fractal structure. Experiments have shown that the aggre-

gates formed by shear coagulation are usually fractal-like
Ž .Schmidt-Ott et al., 1990; Oles, 1992 . In order to quantify
this structure, the fractal dimension of an aggregate is used
here.

The mass fractal dimension, D , describes the relationshipf
between the characteristic length, l, of an aggregate and its
mass, M:

MA l Df . 2Ž .

ŽThe value of D varies from 1 an aggregate made from af
. Žline of particles to 3 for compact spherical-shaped aggre-

.gates . The collision or maximum radius, R , of an aggregatec
will determine aggregation kinetics and is a function of its
fractal dimension:

1rD fi
R s R , 3Ž .c, i 0 ž /k

where k is the lacunarity, a form of packing density, and here
Ž .ks1 is used Wiesner, 1992; Kusters et al., 1997 . From Eq.

3 it is clear that the smaller the D , the more openly struc-f
tured the aggregate is and the larger its collision profile. This
larger collision profile impacts the kinetics of the flocculation
process.

Coagulation
The orthokinetic coagulation collision frequency, b , was

Ž .derived by Saffman and Turner 1956 for the binary collision
of spherical particles smaller than the Kolmogorov mi-
croscale, h, in homogeneous, isotropic turbulence:

1r2e 3
b s1.294 R q R , 4Ž .Ž .i , j c , i c , jž /n

where e represents the homogeneous turbulent energy dissi-
pation rate of the stirred tank; n is the kinematic viscosity of
the suspending fluid; and the square root of their ratio is
often referred to as a ‘‘ volume averaged shear rate,’’ G.
Equation 4 is easily modified to account for the effect of ag-

Žgregate structure on collision frequency Jiang and Logan,
.1991 :

33 y3rD 1rD 1rDf f fb s1.294R k G i q j . 5Ž .Ž .i , j 0

As shown in the preceding equation, R represents the pri-0
mary particle radius. A similar form of the collision fre-
quency is known for laminar shear flow due to Smoluchowski
Ž .1917 ; this form is obtained by replacing the numerical con-

Ž .stant 1.294 in Eq. 5 with 4r3 and G with g , the linear shear˙
rate.

Viscous retardation
As two spherical particles approach one another in fluid

shear, the viscous fluid layer between them resists collision,
Ž .in some cases completely Adler, 1981b . Porous aggregate

Ž .structures restrict fluid flow less than spheres Adler, 1981a ,
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Ž .decreasing the viscous resistance Kusters et al., 1997 . In the
population balance equation, viscous resistance is reflected in
the collision efficiency, a , the ratio of the actual collision
frequency, and the collision frequency in the case that every
collision is assumed to be successful. Therefore, depending
on the strength of the viscous retardation, a will have values

Ž .between 0 and 1. Kusters et al. 1997 developed a model to
calculate the aggregate collision efficiency by representing
aggregates as dense cores surrounded by porous shells, calcu-
lating the permeability based on a fractal model of aggregate
structure, and using the trajectory calculations of Adler
Ž . Ž .1981a,b . The detailed model of Kusters et al. 1997 has
been implemented here to account for the reduction in colli-
sion frequency by viscous effects.

Fragmentation
The disruption of aggregates is caused by hydrodynamic

stresses. The larger an aggregate becomes, the more suscepti-
ble it is to breakage. The fragmentation rate given by Kusters
Ž .1991 has its origin in the work of Delichatsios and Prob-

Ž .stein 1976 :

1r2 22 Du yDub
S s exp , 6Ž .i 2ž / ž /p a Dui

where Du is the rms velocity difference across the distance
a , and Du is the critical velocity difference at which break-i b
age occurs. Substituting for Du and Du in Eq. 6 gives theb

Ž .simplified form of the fragmentation rate Kusters, 1991 :

1r2 1r24 e yeb , i
S s exp , 7Ž .i ž / ž /ž /15p n e

where e is the critical turbulent energy dissipation rate atb, i
which the aggregates fragment.

Since larger particles are more susceptible to turbulent
shear stresses, the value of e must be related to the ag-b, i
gregate size in a way consistent with the findings that eb, i
decreases with increasing aggregate size. A power-law rela-
tionship between aggregate size and shear rate is commonly

Ž .used to correlate experimental Tambo and Watanabe, 1997b
Ž .and simulation results Potanin, 1991 :

R AGym , 8Ž .c, i

where m varies between 0.4 and 4 for turbulent flow and
Žvarious aggregate types Thomas, 1964; Tomi and Bagster,

.1978; Tambo and Watanabe, 1979b; Francois, 1987 . The the-
ory of irregular aggregate fragmentation is not as definite as
that for shear-induced coagulation. As a result, it is suffi-
ciently accurate to choose an expression that is physically sig-
nificant and that describes experimental data based on Eq. 8:

e s BRy2rm , 9Ž .b , i c , i

where B is a fitting parameter and ms2, consistent with the
average result found experimentally and the expectation that
breakage will depend on the linear aggregate dimension.

Equation 9 predicts an inverse relationship between energy
dissipation rate and aggregate size: as aggregates grow larger
they are more susceptible to fragmentation by fluid shear.
The effect of aggregate structure is also included by the use
of the collision radius, R , as a measure of aggregate sizec, i
that increases with decreasing D . The use of the collisionf
radius in the preceding equation thus accounts for the larger
profile of fractal aggregates vs. spherical equivalent particles.
Two fragment size distribution functions are examined. Bi-
nary fragmentation describes the breakage of an aggregate
into two equal fragments:

®j
G s , max s iq1, 10Ž .i , j 2®i

while a second case produces a normal distribution of frag-
Ž .ments Spicer and Pratsinis, 1996a :

® ®y ®1 Ž .bj fai
G s exp y d® , max smax ,Hi , j 2 12ž /® 2s2psb 'i fiy1 f

11Ž .

where ® is the mean volume of the fragment size distribu-fa
Ž .tion half the volume of the fragmenting aggregate , s is thef

standard deviation of the fragment size distribution:

®f
s s , 12Ž .f l

where ® is the aggregate undergoing fragmentation and l isj
a variable that, when decreased, broadens the fragment size

Ž .distribution Spicer and Pratsinis, 1996a .

Experimental Study
Flocculation of an aqueous suspension of monodisperse,

Ž .spherical, polystyrene particles d s0.87 mm was studied in0
a 2.8 liter, baffled, stirred tank of standard configuration
Ž .Spicer and Pratsinis, 1996b . The suspension was mixed us-

Ž .ing a radial flow Rushton Lightnin R100 impeller. The cen-
ter of the impeller was positioned at one-third the height of
the tank. The solids volume fraction, f , was set equal top
1.4=10y5, corresponding to an initial number concentration
of 4=107 cmy3. The flocculant was aluminum sulfate hy-

Ž Ž . . Ždrate Al SO 16H O; Aldrich 98% Clark and Flora,2 4 3 2
.1991 . All experiments were conducted using a constant
Ž .Al SO 16H O concentration of 10 mgrL. Sodium hydro-2 4 3 2

Ž .gen carbonate NaHCO ; Aldrich, 99% , at a concentration3
of 1 mM, was used to buffer the suspension, and the pH was
kept at 7.2"0.05 during all experiments. The buffered
polystyrene suspension was first mixed at Gs300 sy1 for 5
min to break up any agglomerates. The flocculant was then
added and mixed with the suspension for one minute and the
impeller was set to the desired speed. The impeller rotational

Žvelocity was measured using an optical tachometer Onno
.Sokki MT-4100 and varied by less than 1 rpm. All experi-

ments were carried out 2 to 3 times; very little variation was
observed between runs. The turbulent shear rate within the
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stirred tank was characterized using the volume-averaged
gradient, G, following the procedures of Spicer and Pratsinis
Ž .1996b .

The samples taken during flocculation were gently with-
drawn from the tank into the Malvern flowthrough sample

Ž .cell using a syringe Ng et al., 1993 . In all cases, samples
were withdrawn from the same location in the tank, midway
between the impeller and the top of the suspension. Al-

Ž .though a large number of particles )500 had to be with-
drawn to accurately determine an aggregate size distribution,
care was taken not to alter fragile aggregate structures by

Ž .sampling procedures Spicer et al., 1998 .
Small-angle light-scattering measurements by a Malvern

Ž .Mastersizer E Malvern Instruments were used to evaluate
the aggregate-size distribution and the average aggregate
structure and density as a function of time. The structure of
the aggregates was determined quantitatively by their mass
fractal dimension, D . The scattering behavior of suspendedf
particles is dependent on the ratio of primary particle size,
d , to the wavelength of light scattered, l , so that if0 Laser

d 4 l , 13Ž .0 Laser

Ž .as is the case here the fractal dimension, D , is determinedf
Ž .from the slope slopes D y3 of a log-log plot of the ratiof

of the initial suspended particle volume fraction, f , to thatp
of the flocculated suspension, f , vs. the mass mean collisionf
diameter, d , of the floc size distribution based on rear-c, m m

Ž .rangement of Eqs. 2 and 3 Oles, 1992; Kusters et al., 1997 :

fp D y3fA d . 14Ž .c, m mff

The apparent volume fraction of the suspended aggregates is
Ž .a function of the obscuration OB of the laser beam, a pa-

Žrameter reported by the Mastersizer Kusters, 1991; Kusters
.et al., 1997 :

d ln 1yOBŽ .sm
f s , 15Ž .f 3L

where d is the Sauter mean diameter of the size distribu-sm
Ž . Žtion Kusters et al., 1997 , and L is the laser path length 2.1
.mm . This structural characterization technique allows mea-

surement of the average aggregate fractal dimension over the
experiment duration. Characterization of aggregate restruc-

Žturing is also possible when multiple slopes are present Oles,
.1992 .

Results and Discussion
In order to model the experimental light-scattering size

Ž .distribution data, the population balance model Eq. 1 was
solved using the collision frequency function of Eq. 5, the
fragmentation rate of Eq. 7, and the collision efficiency calcu-

Ž .lated using the shell-core model of Kusters et al. 1997 . It
was assumed that the aggregates split into two equal-sized

Ž . Ž .fragments binary breakage Spicer and Pratsinis, 1996a un-
less otherwise specified.

The initial particle-size distribution of the suspension at
Ž .the defined beginning of the flocculation simulation ts0

was not monodisperse, although monodisperse polystyrene
particles were added to the tank. For homogeneous distribu-
tion in the tank, the alum flocculant was mixed with the sus-
pension for one minute at high shear rate. Inevitably, some
flocculation will occur during this time. Thus, since not all
the initial conditions can be known with certainty, the aggre-
gate-size distribution measured following the rapid mixing
period was used as the initial condition in all simulations of
stirred-tank data. Since the model particle-size range dis-
cretization is different from that by the Malvern instrument,
an initial size distribution was evaluated for agreement with
the measured one and implemented into the model. Both
measured and evaluated theoretical initial size distributions
are shown to agree nicely in Figure 1 using the normalized

Ž .volume fraction Hinds, 1982 :

N Vi i
q s , 16Ž .3, i

Dd N VÝc, i i i
i

where Dd is the width of section i.c, i
The objective of this work is to model aggregate floccula-

tion dynamics using a quantitative description of aggregate
structure. Structural characterization of the aggregates is also
possible using light-scattering techniques. Figure 2 shows a
log-log plot of the evolution of the average aggregate density

Figure 1. Initial aggregate size distribution measured
-1 (after 1 min of rapid mix at G=300 s open

)circles .
Also shown is the distribution used as the model’s initial

Ž .conditions filled circles .
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Figure 2. Determination of the average aggregate mass
fractal dimension via. Eq. 14 and the change
in average aggregate density.
The slope of a regression line through the data provides the

Ž .value of D Kusters et al., 1997 .f

ratio, f rf , and the mass mean diameter. Equation 14 canp f
be used to determine the time-averaged fractal dimension
from the slope of a regression line through the data points in
Figure 2. Analysis of all three shear rates resulted in a fractal
dimension of D s2.05"0.05. This value is in excellentf

Ž .agreement with the early stages of laminar Oles, 1992 and
Ž .turbulent Spicer et al., 1998 shear-induced aggregation.

Effect of aggregate structure on flocculation kinetics
The larger collision profile of aggregates relative to spheres

Ž .enhances their collision frequency Eq. 5 . As a result,
decreasing the aggregate fractal dimension, D , will have af
significant effect on flocculation kinetics. Figure 3 shows the
calculated evolution of the mass mean aggregate collision
diameter with time as a function of D . The results repre-f
sented by the lines in Figure 3 were calculated assuming

Žcoagulation only was operative, that is, Eq. 7 the fragmenta-
.tion rate was set to zero. This serves to highlight the behav-

ior of the model at short times before fragmentation becomes
Ž .significant, while at long times i.e., t)10 min the need for

a description of fragmentation in the model becomes evident.
In Figure 3, at all values of D , the aggregate size increasesf
exponentially with time, consistent with previous experimen-

Ž .tal Oles, 1992; Spicer et al., 1998 and theoretical work on
Ž .this collision mechanism Vigil and Ziff, 1989 . A dramatic

enhancement in the calculated aggregate growth rate is seen
in Figure 3 as D as decreased from 2.15 to 2.05 to 1.95,f
increasing the mass mean aggregate size by as much as a fac-

tor of 3 at a given time. From Figure 3 it is also clear that
these values of D will substantially increase aggregation ratesf

Ž .vs. a spherical model of aggregation D s3 , indicating thef
necessity of accounting for aggregate structural enhancement
when modeling aggregation data. Finally, in Figure 3 the
measured D s2.05 results in excellent agreement betweenf

Ž .model and experiment for pure coagulation short times at
Gs50 sy1. It is worth noting here that no fitting has been
used to obtain the result in Figure 3, the fractal dimension
was measured experimentally and incorporated into the
model via Eqs. 1 and 5 and the viscous interaction model of

Ž .Kusters et al. 1997 .

Aggregate fragmentation
In order to break up an aggregate, there is a certain mini-

mum energy dissipation rate that must be present in the het-
erogeneous turbulent shear field. As shown in Eq. 9, the
critical energy dissipation rate is inversely proportional to the
aggregate collision radius. The fitting parameter, B, is used
to adjust the absolute strength of fragmentation based on the
steady-state value of the mass mean diameter. An example of
such adjustment is shown in Figure 4 for Gs150 sy1. In
Figure 4, coagulation dominates the beginning of the experi-

Figure 3. Calculated effect of the average mass fractal
dimension, D , on the mass mean aggregatef

( )size three lines during the aggregation-
(dominated regime solution of Eq. 1 with Eq.

)7 set to zero .
Open circles indicate experimental data for G s 50 sy1. A
decreased fractal dimension reflects an increased aggregate

Ž .linear dimension Eq. 3 , producing a greater relative rate of
shear-induced collisions for the same aggregate mass.
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Figure 4. Determination of the breakage parameter, B,
in Eq. 9 by comparison of calculated size evo-

( )lution solid lines with experimental data
( )open circles .

ŽIncreasing values of B decrease the fragmentation rate rel-
.ative to the aggregation rate for a given shear rate, increas-

ing the steady-state mass mean aggregate size.

Žment and fragmentation is nearly negligible i.e., the curves
.are the same independent of the value of B . With time,

however, aggregates become larger and more susceptible to
fluid shear stresses, and fragmentation increases in signifi-
cance. The larger the fragmentation rate or the lower the

Ž .necessary energy dissipation rate low B , the earlier frag-
mentation begins. For this case, Bs10 overpredicts the

Ž .steady-state results breakage is too weak , while Bs6 un-
Ž .derpredicts them breakage too strong . When Bs8.5 is used,

the predicted and measured steady-state data agree well.

Comparison of model and experiment
Ž .Figure 5 shows the predicted lines and experimental

Ž .markers time evolution of the mass mean aggregate colli-
sion diameter, d for the three shear rates Gs50, 100,c, m m
and 150 sy1. For all three shear rates, an initial increase of
particle size is observed as a result of the coagulation proc-
ess. After a certain time, fragmentation becomes more signif-
icant as the aggregates become larger. Fragmentation slows
down the aggregate growth and a steady state is eventually
reached between coagulation and fragmentation, allowing no
further growth. This is consistent with experimental observa-

Ž .tions of turbulent Spicer and Pratsinis, 1996b and laminar
Ž .Oles, 1992 shear-induced flocculation. From Figure 5 it can
be seen that higher shear rates lower the steady-state mean

aggregate size. Although a shift to higher shear rates in-
creases the coagulation rate, fragmentation is also more sig-
nificant with increasing shear rate, opposing coagulation more
rapidly and decreasing the time lag before attainment of

Ž .steady state Spicer, 1998 . The model describes experimen-
tal data very well for all three shear rates at all stages of the
flocculation process, from the very early coagulation to the
achievement of steady state. The value of B was fitted for

Žeach shear rate Bs1.7 for Gs50; Bs4.8 for Gs100; and
y1.Bs8.5 for Gs150 s .

Steady-state size distribution
It can be seen from Figure 5 that the model is in good

agreement with the experimental data regarding mass mean
diameter evolution. Since this is only an averaged value, it is
of interest to compare the model predictions with the full
experimental steady-state size distributions. Figure 6 com-

Ž . Ž .pares theoretical lines and experimental symbols steady-
state size distributions at the three different shear rates stud-

w Ž . Ž . Ž . y1 xied here Gs50 part a , 100 part b , and 150 part c s .
Observation of the experimental data indicates that the higher
the shear rate, the narrower the distributions and the more
they are shifted to smaller aggregate sizes as a result of higher

( )Figure 5. Calculated solid lines vs. experimental
( )symbols time evolution of the mass mean
aggregate size in turbulent shear as a func-
tion of the average shear rate, G.

Ž .For model solution of Eq. 1 and experiment, aggregate size
initially increases rapidly while aggregation dominates, then
slows and reaches a constant steady-state value, as fragmen-
tation becomes significant. Increasing shear brings about
increased fragmentation, decreasing the steady-state aggre-
gate size. The model is in excellent agreement with the ex-
perimental results.
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Figure 6

Žfragmentation rates, in agreement with theory Spicer and
.Pratsinis, 1996a . The theoretical volume distributions for

each shear rate are plotted as lines for binary breakage as
well as several forms of the normal fragment size distribu-

tion. In order to compare the experimental data with the
theoretical size distributions, the volume fractions in each
section must be divided with the section width, since the

Ž .sectional spacing differs in both cases Hinds, 1982 .

May 1999 Vol. 45, No. 5 AIChE Journal1120



For binary fragmentation, the large-particle modes of the
modeled size distributions at all three shear rates have simi-
lar shapes to those found in the experiment, though their
peaks are slightly shifted to larger aggregate sizes. In the

Žmodel, there are still particles in the low size range d Fc, m m
.10 mm , whereas experimentally no such particles are de-
Žtected though it should be noted that the Malvern may not

.fully detect such fine particle modes if they are present . Al-
Žthough there is a size range at all three shear rates between

.50- and 100-mm aggregate diameter in which the model pre-
dicts no particles, a considerable amount of particles are
found there experimentally for all three shear rates. Binary
fragmentation, although simple to implement theoretically,
clearly produces a steady-state aggregate size distribution sig-
nificantly different from that observed experimentally. Ob-
servations of aggregate disintegration under shear also
indicate that the binary fragmentation assumption is an over-
simplification. It should, however, be emphasized that excel-
lent agreement is observed between theoretical and experi-
mental average aggregate-size evolution with a minimum of
fitting. As a result, binary fragmentation may provide ade-
quate modeling accuracy, depending on the level of predic-
tive detail desired. More detailed matching of aggregate-size
distributions requires alternative model formulation.

Ž .Spicer and Pratsinis 1996a showed that a broadened frag-
ment-size distribution function broadened the shape of the
steady-state particle-size distribution during simultaneous co-
agulation]fragmentation. Assuming a normally distributed
breakage function instead of binary breakage, the steady-state

Žsize distribution is broadened toward smaller particles Spicer
.and Pratsinis, 1996a . The fragment-size distribution stan-

dard deviation is influenced by choosing appropriate values
for l in Eq. 12. The larger the l, the narrower the fragment-
size distribution. In contrast, the smaller the l, the broader
the fragment-size distribution. As a result, decreasing l
broadens the steady-state size distribution and increases the
amount of smaller particles formed by fragmentation.

In Figure 6, binary aggregate fragmentation produces a bi-
modal size distribution that does not match the unimodal one
observed experimentally. Fragmentation is clearly overpre-
dicted. The flexibility of the normal fragment-size distribu-
tion allows the steady-state size distribution to be narrowed
to optimize comparison with experimental data. In Figure 6,

Ž .for three values of l 1, 3, and 5 the steady-state size distri-
butions are narrower than those produced for binary frag-
mentation. As a result, the agreement with experimental data
is improved significantly. However, the model still overpre-
dicts the percentage of the distribution composed of smaller
particles. The discrepancy may result from a respective over-
or underprediction of coagulation or fragmentation rates, or
both. The coagulation rate is calculated using the maximum

Ž .aggregate diameter Eq. 3 and may overestimate the actual
aggregate collision profile, depending on the aggregate struc-

Ž .ture and orientation Spicer, 1998 . In addition, this model
does not account for the heterogeneity of the stirred tank.
Fragmentation in a stirred tank occurs most in the impeller

Žzone, a relatively small area with a high shear rate Kusters,
.1991 . On the other hand, coagulation occurs most in the bulk

Ž .nonimpeller zone, an area with lower shear rates than aver-
age. The volume-averaged shear rate used here may thus
overestimate the actual coagulation rate and underestimate

the fragmentation rate depending on the aggregate residence
time distribution in each zone. Finally, the average aggregate
fractal dimension has been shown to change during floccula-

Ž .tion by restructuring Oles, 1992 , and this may also partially
explain the observed discrepancies as the model assumes a
constant D . Regarding a comparison with the experimentalf
data, a value of l equal to 3 seems to give the best agree-
ment. With l, a second fitting parameter becomes necessary.

E©olution of size distribution
It is also interesting to compare the model predictions with

the experimental size distribution evolution. Figure 7 com-
pares theoretical and experimental size distributions at four

Ž .different flocculation times ts6, 8, 14, and 27 min for Gs
50 sy1. For illustration purposes the normally distributed

Žbreakage function was applied here with ls3 Spicer and
.Pratsinis, 1996a for the reasons just given. In Figure 7, the

agreement between model and experiments is best as short
times as a result of the fixed initial conditions. At short coag-

Ž .ulation times Figure 7a , the modeled distributions are of a
comparable width to the experimental ones, although the
model predicts a more unimodal distribution. At longer times,

Ž .however Figures 7b]7c , the model develops a bimodal char-
acter as the experimental data begin to exhibit unimodal
behavior. Observation of Figure 7 indicates better model
agreement with the coarse region of the size distribution data
at longer times. In light of the fact that the sole fitting of the
model to the data was carried out by comparison with the

Ž .steady-state mass averaged size Figure 4 , it is not surprising
that the results are biased toward the coarse portion of the
particle-size distribution. This bias offers some degree of
choice in the part of the distribution of most interest to fol-
low, depending on the desire for control of fine or coarse

Ž y1particles. The two other shear rates Gs100 s and 150
y1. Žs exhibit similar size distribution comparisons i.e., over-

.prediction of fine particle population . It should also be noted
that upon recomparison of the experimental data for the evo-
lution of d , little change is observed between model runs,c, m m
assuming binary and normal fragment-size distribution
schemes.

Comparison between model and literature data for laminar
shear

It is also of interest to compare this model with additional
existing measurements to determine its applicability in differ-

Ž .ent flow regimes. Oles 1992 carried out flocculation experi-
Ž y1.ments in a laminar shear Couette apparatus Gs25]150 s

using NaCl to destabilize a monodisperse, polystyrene latex
suspension with d s2.17 mm and an initial solids volume0
fraction of f s5=10y5. The particle size distributions were

Ž .then measured by light scattering Malvern Mastersizer .
Ž .Spicer and Pratsinis 1996a modeled these data using a sim-

plified form of the present model that lumped together ag-
gregate structure and viscous effects into a collision effi-
ciency of a s1. They acknowledged that this value was artifi-
cial, but worked well to account for the competing effects of
aggregate structure and fluid viscosity on flocculation kinet-

Ž .ics. Oles 1992 reports an average value for the D s2.3.f
This value was used here for all shear rates to model the
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( ) ( )Figure 7. Evolution of measured open circles aggregate size distributions vs. prediction by the model solid line .
It indicates a net overprediction of aggregation rates. As a result, broader distributions than those measured are predicted.

data, as shown in Figure 8. The steady state for each shear
rate was reached by adjusting B, as described previously. As
such, the agreement between model and experiment is good
for all shear rates. The size evolution of the aggregates shows

the same behavior for laminar shear as for turbulent shear.
The initial exponential increase is slowed down by fragmen-
tation until a steady state is reached. The fitting parameter

Ž .can be correlated by a power law Spicer and Pratsinis, 1996a .
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Figure 8. Time evolution of the mass mean aggregate
( )diameter for experimental open symbols and

( )theoretical solid lines values of laminar
shear-induced aggregation.
The theoretical lines were produced by numerical solution
of Eq. 1 using Eq. 5 modified for laminar shear flow. The
same trends are observed for laminar shear as for turbulent
shear, concluding in the attainment of a steady-state aggre-

Ž .gate size. The model using only one fitting parameter, B is
also in excellent agreement with the laminar results.

The power law found for this data set is given by

Bs AXG y. 17Ž .

The value of AX was found to equal 7=10y4 and the value of
ys1.6. The value of y is identical to the 1.6 found by Spicer

Ž . Xand Pratsinis 1996a ; however, the value of A is about seven
Ž X .times smaller than theirs A s0.0047 . The reason for this is

the different fragmentation law used herein.

Conclusions
A sectional population balance model was developed that

accounts for aggregate structure and hydrodynamic effects on
flocculation. The model was found to describe quite well the
evolution of the mass mean aggregate diameter during turbu-
lent shear-induced flocculation in a stirred tank. In addition,
its applicability to modeling flocculation in laminar shear was
also demonstrated, again using experimentally determined Df
values.

Reasonable agreement was observed between the experi-
mental and predicted evolution of aggregate-size distribu-
tions during turbulent shear flocculation for all shear rates.
Agreement between theory and experiment was improved by
applying a normal fragment-size distribution. Thus, the inclu-

sion of viscous retardation and aggregate structure gives a
more detailed picture of flocculation kinetics than earlier
models that only considered spherical structures and inviscid
fluid. However, the heterogeneity of the flow field has not
been considered in this model. The agreement between this
model and experimental data imply that the approximation
of the turbulent shear field with a volume-averaged shear rate
and constant mass fractal dimension is justified for time-aver-
aged quantities, while particle-size distributions are predicted
with less accuracy.
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Notation
AXs fragmentation-rate coefficient relating fragmentation rate to

shear rate
d scollision diameter of an aggregate, mmc, i

isnumber of primary particles in an aggregate
max s index of the largest section undergoing aggregation1
max s index of the largest fragmenting particle2

ts time, s
ysexperimentally determined coefficient in Eq. 17
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